We discuss how surface roughness influence the adhesion between elastic solids. We introduce a Tabor number which depends on the length scale or magnification, and which gives information about the nature of the adhesion at different length scales. We consider two limiting cases relevant for (a) elastically hard solids with weak adhesive interaction (DMT-limit) and (b) elastically soft solids or strong adhesive interaction (JKR-limit). For the former cases we study the nature of the adhesion using different adhesive force laws (F ∼ u −n , n = 1.5 − 4, where u is the wall-wall separation). In general, adhesion may switch from DMT-like at short length scales to JKR-like at large (macroscopic) length scale. We compare the theory predictions to the results of exact numerical simulations and find good agreement between theory and the simulation results.
Introduction
Surface roughness has a huge influence on the adhesion and friction between macroscopic solid objects [1] [2] [3] [4] [5] [6] . Most interaction force fields are short ranged and becomes unimportant when the separation between solid surfaces exceed a few atomic distances, i.e., at separations of order nm. This is trivially true for chemical bonds (covalent or metallic bonds) but holds also for the more long-ranged Van der Waals interaction. One important exception is charged bodies. For uncharged solids, if the surface roughness amplitude is much larger than the decay length of the wall-wall interaction potential and if the solids are elastically stiff enough, no macroscopic adhesion will prevail, as is the case in most practical cases. Only for very smooth surfaces, or elastically very soft solids (which can deform and make almost perfect contact at the contacting interface without storing up a large elastic energy) adhesion will be observed for macroscopic solids [7] .
In this paper we will discuss how surface roughness influence adhesion between macroscopic solids. We consider two limiting cases, which are valid for elastically hard and weakly interaction solids (Deryagin, Muller, and Toporov, DMT-limit) [8] and for elastically soft or strongly interacting solids (Johnson, Kendall, and Roberts, JKR-limit) [9] . This problem has been studied before but usually using the Greenwood-Williamson [10, 11] type of asperity models (see, e.g., [7, 12] ), whereas our treatment is based on the Persson contact mechanics model. The latter model is (approximately) valid even close to complete contact (which often prevail when adhesion is important) [13, 14] . Asperity models can only be used as long as the contact area is small compared to the nominal contact area, and even in this limit these models have severe problems for surfaces with roughness on many length scales [15] [16] [17] .
Recently several numerical studies of adhesion between randomly rough surfaces have been published. Pastewka and Robbins [18] study the adhesion between rough surfaces and present a criterion for macroscopic adhesion. They emphasize the role of the range of the adhesive interaction, which we also find is important in the DMT limit and when the surface roughness amplitude is small (see below). Medina and Dini [19] studied the adhesion between an elastic sphere with smooth surface and a rigid randomly rough substrate surface. They observed strong contact hysteresis in the JKR-limit (relative smooth surfaces) and very small contact hysteresis in the DMT-limit which prevails for small roughness. Analytical theories of contact mechanics have been compared to numerically exact calculations for two-dimensional (2D) randomly rough surfaces in Ref. [20] and for 1D surface roughness in Ref. [21] . Experimental adhesion data for rough surfaces have been compared to analytical theory predictions in Ref. [22] , [23] and [24] .
Many practical or natural adhesive systems involve effects which usually are not considered in model studies of adhesion, and which we will not address in this paper. In particular, biological applications typically involve complex structured surfaces (e.g., hierarchical fiber-and-plate structures) with anisotropic elastic properties, which are elastically soft on all relevant length scales [25] [26] [27] [28] . Instead of directly relying on molecular bonding over atomic dimension, many biological systems adhere mainly via capillary bridges [29] [30] [31] . We will also not discuss either the adhesion between charged objects, which must be treated by special methods which takes into account the long-range nature of the Coulomb interaction [32] [33] [34] [35] .
In this paper we first briefly review (Sec. 2) two limiting models of adhesion for smooth surfaces. In Sec. 3 we show how the same limiting cases can be studied analytically for randomly rough surfaces using the Persson contact mechanics model. Numerical results obtained using the analytical theory are presented in Sec. 4 , and compared to exact numerical results in Sec. 5. Sec. 6 contains a discussion and Sec. 7 the summary and conclusion.
Adhesion of ball on flat (review)
Analytical studies of adhesion have been presented for smooth surfaces for bodies of simple geometrical shape, Figure 1 : (a) In the DMT theory the elastic deformation field is calculated with the adhesion included only as an additional load F ad acting on the sphere. Thus the contact area is determined by Hertz theory with the external load FN + F ad . The adhesional load F ad is obtained by integrating the adhesional stress over the ball non-contact area. (b) In the JKR theory the adhesion force is assumed to have infinitesimal spatial extent, and is included only in the contact area as an interfacial binding energy E ad = ∆γA. The shape of the elastic body is obtained by minimizing the total energy −E ad + U el , where U el is the elastic deformation energy.
the most important case being the contact between spherical bodies. For a sphere in contact with a flat surface two limiting cases are of particular importance, usually referred to as the DMT theory [8] and the JKR theory [9] , see Fig. 1 . Analytical results for intermediaterange adhesion was presented by Maugis [36, 37] and the ball-flat adhesion problem has also been studied in detail using numerical methods [38, 39] . A particular detailed numerical study was recently published by Müser who also included negative work of adhesion (repulsive wallwall interaction) [40] .
Consider an elastic ball (e.g., a rubber ball) with the radius R, Young's elastic modulus E (and Poisson ratio ν), in adhesive contact with a flat rigid substrate. Let ∆γ = γ 1 + γ 2 − γ 12 be the work of adhesion and let d c be the spatial extend of the wall-wall interaction potential (typically of order atomic distance). The DMT theory is valid when adhesive stress σ ad ≈ ∆γ/d c is much smaller than the stress in the contact region, which is of order
In the opposite limit the JKR theory is valid. In the DMT theory the elastic deformation field is calculated with the adhesion included only as an additional load F ad acting on the sphere. Thus the contact area is determined by Hertz theory with the external load F 0 = F N + F ad , where F N is the actual load on the ball (see Fig. 1 ). The adhesion load F ad is obtained by integrating the adhesion stress over the ball non-contact area. The JKR theory neglects the extend of the interaction potential and assumes interaction between the solids only in the contact area. The deformation field in the JKR theory is obtained by minimizing the total energy given by the sum of the (repulsive) elastic deformation energy and the (attractive) binding energy E ad = ∆γA, where A is the contact area. In this theory the contribution to binding energy from the non-contact region is neglected.
Since σ ad ≈ ∆γ/d c we can define the Tabor number:
where
, where E r = E/(1 − ν 2 ) is effective elastic modulus. The DMT and JKR limits correspond to µ T << 1 and µ T >> 1, or, equivalently, d T << d c and d T >> d c , respectively. In the JKR-limit the Tabor length d T can be considered as the height of the neck which is formed at the contact line (see Fig. 1(b) ). This neck height must be much larger than the length d c , which characterizes the spatial extend of the wall-wall interaction, in order for the JKRlimit to prevail.
At vanishing external load, F N = 0, the JKR theory predicts the contact area:
This contact area is a factor 3 2/3 ≈ 2.1 larger than obtained from the DMT theory. In the JKR theory the force necessary to remove the ball from the flat (the pulloff force) is given by
which is a factor of 3/4 times smaller than predicted by the DMT theory. Also the pull-off process differs: in the JKR theory an elastic instability occurs where the contact area abruptly decreases, while in the DMT theory the contact area decreases continuously, until the ball just touches the substrate in a single point, at which point the pull-force is maximal. For the sphere-flat case the pull-off force in the DMTlimit is independent of the range of the wall-wall interaction potential. However, this is not the case for other geometries where in fact the contact mechanics depends remarkably sensitively on the interaction range. As a result the interaction between rough surfaces in the DMTlimit will depend on the force law as we will demonstrate below for power law interaction p ad ∼ u −n . In an exact treatment, as a function of the external load F N , the total energy E tot = −E ad + U el must have a minimum at F N = 0. This is the case in the JKR theory but in general not for the DMT theory. However, the DMT theory is only valid for very stiff solids and in this limiting case the total energy minimum condition is almost satisfied. Nevertheless, one cannot expect dE tot /dF N (F N = 0) = 0 to be exactly obeyed in any (approximate) theory which does not focus on minimizing the total energy.
The results above assume perfectly smooth surfaces. The JKR (and DMT) theory results can, however, be applied also to surfaces with roughness assuming that the wavelength λ of the most longest (relevant) surface roughness component is smaller than the diameter of the contact region. In that case one only needs to replace the work of adhesion ∆γ for flat surfaces with an effective work of adhesion γ eff obtained for the rough surfaces. We will now describe how one may calculate γ eff .
Theory: basic equations
We now show how surface roughness can be taken into account in adhesive contact mechanics. We consider two limiting cases similar to the JKR and DMT theories for adhesion of a ball on a flat. The theory presented below is not based on the standard Greenwood-Williamson [10, 11] picture involving contact between asperities, but on the Persson contact mechanics theory.
JKR-limit
In the JKR-limit the spatial extend of the wall-wall interaction potential is neglected so the interaction is fully characterized by the work of adhesion ∆γ.
In order for two elastic solids with rough surfaces to make adhesive contact it is necessary to deform the surfaces elastically, otherwise they would only make contact in three points and the adhesion would vanish, at least if the spatial extend of the adhesion force is neglected. Deforming the surfaces to increase the contact area A results in some interfacial bonding −∆γA (where ∆γ = γ 1 + γ 2 − γ 12 is the change in the interfacial energy per unit area upon contact), but it costs elastic deformation energy U el , which will reduce the effective binding. That is, during the removal of the block from the substrate the elastic compression energy stored at the interface is given back and helps to break the adhesive bonds in the area of real contact. Most macroscopic solids do not adhere with any measurable force, which implies that the total interfacial energy −∆γA + U el vanishes, or nearly vanishes, in most cases.
The contact mechanics theory of Persson [6, [41] [42] [43] [44] [45] [46] [47] can be used to calculate (approximately) the stress distribution at the interface, the area of real contact and the interfacial separation between the solid walls [41, 42] . In this theory the interface is studied at different magnifications ζ = L/λ, where L is the linear size of the system and λ the resolution. We define the wavevectors q = 2π/λ and q 0 = 2π/L so that ζ = q/q 0 . The theory focuses on the probability distribution P (σ, ζ) of stresses σ acting at the interface when the system is studied at the magnification ζ. In Ref. [41] an approximate diffusion equation of motion was derived for P (σ, ζ). To solve this equation one needs boundary conditions. If we assume that, when studying the system at the lowest magnification ζ = 1 (where no surface roughness can be observed, i.e., the surfaces appear perfectly smooth), the stress at the interface is constant and equal to p N = F N /A 0 , where F N is the load and A 0 the nominal contact area, then P (σ, 1) = δ(σ − p N ). In addition to this "initial condition" we need two boundary conditions along the σ-axis. Since there can be no infinitely large stress at the interface we require P (σ, ζ) → 0 as σ → ∞. For adhesive contact, which interests us here, tensile stress occurs at the interface close to the boundary lines of the contact regions. In this case we have the boundary condition P (−σ a , ζ) = 0, where σ a > 0 is the largest (locally averaged at magnification ζ) tensile stress possible. Hence, the detachment stress σ a (ζ) depends on the magnification and can be related to the effective interfacial energy (per unit area) γ eff (ζ) using the theory of cracks [6] . The effective interfacial binding energy
where A(ζ) denotes the (projected) contact area at the magnification ζ, and A(ζ 1 )η is the real contact area, which is larger than the projected contact area A(ζ 1 ), i.e. η ≥ 1 (e.g. if the rigid solid is rough and the elastic solid has a flat surface η > 1, see Ref. [43] for an expression for η). U el (ζ) is the elastic energy stored at the interface due to the elastic deformation of the solids on length scale shorter than λ = L/ζ, necessary in order to bring the solids into adhesive contact.
The area of apparent contact (projected on the xyplane) at the magnification ζ, A(ζ), normalized by the nominal contact area A 0 , can be obtained from Finally, we note that the effective interfacial energy to be used in the JKR expression for the pull-off force (1) is the macroscopic effective interfacial energy corresponding to the magnification ζ = 1 (here we assume that the reference length L is of order the diameter of the JKR contact region). Thus in the numerical results presented in Sec. 4 we only study the area of contact A(ζ 1 ) and the macroscopic interfacial energy γ eff = γ eff (1), which satisfies
DMT-limit
Let p N = F N /A 0 be the applied pressure (which can be both positive and negative). In the DMT-limit one assumes that the elastic deformation of the solids is the same as in the absence of an adhesive interaction, except that the external load F N is replaced with an effective load. The latter contains the contribution to the normal force from the adhesive force acting in the non-contact interfacial surface area: F 0 = F N + F ad . If we divide this equation by the nominal contact area A 0 we get
The adhesive pressure
where p a (u) is the interaction force per unit area when two flat surfaces are separated by the distance u. In (2) the integral is over the non-contact (n.c.) area. In the study below we assume that the is an attractive force per unit area between the surfaces given by (u ≥ 0, see e.g. Fig. 2 ):
where the cut-off d c is a typical bond length and α a number, which we take to be either 0 or 1 below. The parameter B is determined by the work of adhesion (per unit surface area):
.
If P (u) denotes the distribution of interfacial separations then we can also write (2) as
In Ref. [45] we have derived an expression for P (u) using the Persson contact mechanics theory. In the numerical results presented below we have used the expression for P (u) given by Eq. (17) in Ref. [45] and below. The effective interfacial energy can in the DMT-limit be calculated using
where A = A r is the (repulsive) contact area and where φ(u) is the interaction potential per unit surface area for flat surfaces separated by the distance u and given by
Thus in the present case
For u = 0 an infinite hard wall occurs and we define the (repulse) contact area A r when the surface separation u = 0. We also define the attractive contact area A a when the surface separation 0 < u < d c , but this definition is somewhat arbitrary and another definition was used in Ref. [18] . In the calculations below we use n = 3 and m = 9 and α = 0 (Sec. 4) and α = 1 (Sec. 5). The interaction pressure for these two cases are shown in Fig.  2 .
The probability distribution of interfacial separations P (u) can be calculated as follows: We define u 1 (ζ) to be the (average) height separating the surfaces which appear to come into contact when the magnification decreases from ζ to ζ − ∆ζ, where ∆ζ is a small (infinitesimal) change in the magnification. u 1 (ζ) is a monotonically decreasing function of ζ, and can be calculated from the average interfacial separationū(ζ) and the contact area A(ζ) using (see Ref. [44] )
The equation for the average interfacial separationū(ζ) is given in Ref. [44] . The (apparent) relative contact area A(ζ)/A 0 at the magnification ζ is given by
where C(q) is the surface roughness power spectrum. In what follows we will denote this contact area as the repulsive contact area A r since the normal stress is repulsive within this area. We also define an attractive contact area A a as the surface area where the surface separation 0 < u < d c ; in this surface separation interval the wallwall interaction is attractive. The cut-off length d c is quite arbitrary and in Ref. [18] another cut-off length (of order d c ) was used to define the attractive contact area. The probability distribution P (u) can be written as [45] 
where h 2 rms (ζ) is the mean of the square of the surface roughness amplitude including only roughness components with the wavevector q > q 0 ζ, and given by
2 q C(q).
Scale-dependent Tabor length d T (q)
The contact between surfaces with roughness on many length scales involves contact between asperities with many different radius of curvatures. Thus at low magnifications we only observe long-wavelength roughness and the asperity radius of curvature may be macroscopic, e.g., ∼ 1 mm or more. At high magnification, nanoscale roughness will be observed involving asperities which may have radius of curvature in the nm range. Thus adhesion at long length scale may appear JKR-like while at short enough length scale the adhesion may appear DMT-like. One can define a magnification or length-scale dependent Tabor length d T (ζ) (ζ = q/q 0 ), in the following way: If we include only roughness components with wavevector q < ζq 0 the mean summit asperity curvature is [48] 1
We define 
Theory: numerical results
We now present numerical results which illustrates the two adhesion theories presented above. The JKR-like theory has been studied before (see Ref. [43] ) so we focus mainly on the DMT-like theory. In the calculations we vary ∆γ and n, but we always use the cut-off d c = 0.4 nm and α = 0 unless otherwise stated.
Surface roughness power spectrum C(q) and Tabor length d T (q)
In Fig. 3 we show the surface roughness power spectrum C(q) (PSD) as a function of the wavevector q (log 10 − log 10 scale), used in the present calculations. The power spectrum corresponds to a surface with the rms roughness amplitude 0.6 nm, the rms slope 0.0035 and the Hurst exponent H = 0.8. Fig. 4 shows the surface topography of one realization of a randomly rough surface with the surface roughness power spectrum shown in Fig. 3 . The difference between the lowest and highest point is about 5 nm, i.e. about 10 times higher than the rms roughness 0.6 nm.
In the calculations below we use the Young's modulus E = 10
12 Pa, Poisson ration ν = 0.5 and the work of adhesion ∆γ = 0.1 − 0.4 J/m 2 . Fig 5 shows the Tabor length parameter d T as a function of the wavevector (log 10 − log 10 scale), for ∆γ = 0.3 J/m 2 . Note that the contact mechanics is DMT-like for short length scales (or large wavevectors) with d T < d c = 0.4 nm, while it is JKR-like for long length scales (small wave vectors). Fig. 6 shows the normalized (projected) area of contact A/A 0 and the effective interfacial energy γ eff = Figure 3 : The surface roughness power spectrum C(q) as a function of the wavevector q (log 10 − log 10 scale), used in the present calculations. The power spectrum corresponds to a surface with the rms roughness amplitude 0.6 nm, the rms slope 0.0035 and the Hurst exponent H = 0.8.
Results for different work of adhesion ∆γ
[E ad − U el ]/A 0 (where E ad is the (attractive) Van der Waals interaction energy and U el the (repulsive) elastic deformation energy) as a function of the nominal applied pressure p N acting on the block. In the DMT-like theory (red curve) A = A r is the repulsive contact area while in the JKR-like theory (blue curves) A is the total contact area (which has both an attractive and a repulsive part). Results are shown for the work of adhesion ∆γ = 0.0 (green curve), 0.1, 0.2, 0.3 and 0.4 J/m 2 . The red and blue lines correspond to DMT-like and JKR-like approximations, respectively. Note that the area of contact is about a factor of 3 larger in the JKR-like approximation as compared to the DMT-like approximation. This is consistent with the results for adhesion of sphere on flat (see Sec. 2) where the JKR theory predict about 2 times larger contact area than the DMT theory. On the other hand Fig. 6(b) shows that the effective interfacial binding energies are similar, which is also consistent with the results of Sec. 2. The effective work of adhesion to be used in macroscopic adhesion applications, i.e., the pulloff of a ball from a flat (Sec. 2) is γ eff for the applied Figure 4 : Surface topography of one realization of a surface with the surface roughness power spectrum shown in Fig. 3 . The difference between the lowest and highest point is about 5 nm, i.e. about 10 times higher than the rms roughness 0.6 nm (see Appendix A in [6] ). pressure p N = 0, and in all cases in Fig. 6 γ eff (p N = 0) is less than half of the work of adhesion ∆γ for smooth surfaces. Fig. 6(b) shows that for ∆γ = 0.1 J/m 2 in the JKRlimit the effective interfacial binding energy, and hence also the pull-off force, vanish. Nevertheless, Fig. 6(a) shows that in the JKR-limit the contact area as a function of p N increases much faster with increasing p N than in the absence of adhesion (green line), i.e., even if no adhesion manifests itself during pull-off, the contact area and hence other properties like the friction force, may be strongly enhanced by the adhesive interaction. In the DMT-limit the effective interfacial binding energy is always non-zero if the wall-wall interaction does not vanish beyond some fix wall-wall separation. This is easy to understand since when the wall-wall separation is larger than the highest asperity the solid walls will only interact with the long-ranged attractive wall-wall potential and increasing the separation to infinity will always require a finite amount of work making γ eff (p N = 0) always non-zero in the DMT-limit. Let us now discuss the slopes (with increasing p N ) of the γ eff (p N ) curves in Fig. 6(b) for p N = 0. As pointed out in Sec. 2, in an exact treatment, as a function of the external load p N the total energy −A 0 γ eff = −E ad + U el must have a minimum at p N = 0. However, the theories described above are not exact, and are not based on a treatment which minimize the total energy, but rather focus on the force (or stress) (in the DMT-like model) or on a combined energy and stress treatment (in the JKR-like model). This is the reason for why the slope of the γ eff (p N ) curves for large ∆γ is positive rather than negative. However, the slope is rather small compared to the (absolute value of) the slope for the non-adhesive interaction (green curve). In addition, the surface we use has a Tabor length with d T (q) << d c for large q and d T (q) >> d c for small q so strictly speaking neither the JKR-limit or the DMT-limit is correct or valid. For other surfaces which have d T (q) << d c or d T (q) >> d c for all q, the JKR-like and DMT-like theories may be more accurate and the slope of the γ eff (p N ) curve negative. Fig. 7 shows the applied pressure as a function of the average separation for the work of adhesion ∆γ = 0.0 3 , where d = 0.4 nm and u the distance from the hard wall. The parameter B is chosen to reproduce the given work of adhesion for flat surfaces. Note that the attractive interaction between the walls is already strong at distances where the flat surfaces negligible wall-wall interaction would occur (as described by the blue dashed line). This is of course due to adhesive interaction involving high asperities, which prevail even when the average wall-wall separation is relative large. For the case of no adhesion (green curve) the wall-wall interaction is purely repulsive as the asperities get compressed on decreasing the wall-wall separation. Asymptotically (large separation) this repulsive interac- 12 Pa and Poisson number ν = 0.5. Fig. 8 shows that as the interaction becomes more short ranged (n increases from 1.5 to 4) (at fixed work of adhesion ∆γ) the contact area increases while the effective interfacial binding energy γ eff decreases. The latter is easy to understand: in the limiting case when n → 0 the interaction potential has infinite extend (and infinitesimal strength in such a way that the work of adhesion ∆γ = 0.3 J/m 2 ) and in this case γ eff must equal ∆γ. At the same time due to the weak (infinitesimal) force the contact area at the load p N = 0 must vanish, which explain the behavior observed in Fig. 8(a) . Fig. 9 shows the applied pressure as a function of the average separation for the work of adhesion ∆γ = 0.3 J/m 2 and the interaction force index n = 1.5 , 2 , 3 and
n ). The results are for the DMT-like approximation. Note that when n decreases the more long-range the effective attraction but at the same time the smaller the maximal attraction, which again reflect the fact that ∆γ is kept fixed.
All the numerical results presented above was for the cut-off length d c = 0.4 nm and the repulsion factor α = 0. We now consider the case α = 1 with m = 9 (and n = 3). We also use d c = 1.0 nm. These are the same parameters we will use when comparing the theory with exact numerical results in Sec. 5. We consider a surface with the rms roughness 0.5 nm, the roll-off wavevector q r = 1.0 × 10 6 m −1 and the small and large wavevector cut-off q 0 = 2.5 × 10 5 m −1 and q 1 = 3.2 × 10 7 m −1 . Fig. 10 shows the normalized (projected) repulsive contact area A r /A 0 as a function of the nominal pressure p N acting on the block. Results are shown for the work of adhesion ∆γ = 0.2 J/m 2 . The blue curve is with α = 0 and red curve with α = 1. Fig. 11 shows the applied pressure p N as a function of the average surface separation for the work of adhesion ∆γ = 0.2 J/m 2 . Again the blue curve is with α = 0 and red curve with α = 1.
Comparison of the DMT-like theory with exact numerical results
In this section we use the interaction potential (3) with n = 3, m = 9 and α = 1 with d c = 1 nm (see Fig. 2 and Appendix A). The power spectral density adopted in the numerical calculations (see Appendix for the summary of the numerical model) is shown in Fig. 12 .
In Fig. 13-15 we show, respectively, the normalized and projected area of repulsive contact A r /A 0 , of attractive contact A a /A 0 and the total interaction area A/A 0 = (A r + A a ) /A 0 as a function of the applied (nominal) pressure p N . Red dots are from the deterministic (numerical) model, whereas black solid lines are from the mean field theory. We note that whilst the repulsive interaction area is slightly underestimated by the theory, the pull-off pressures are remarkably accurately captured at the different adopted values of work of adhesion. Moreover, the total interaction area (see Fig. 15 ), as a function of applied pressure, seems to be only marginally affected by the exact contact boundary conditions adopted in the mean field theory, resulting in a perfect match with the numerical predictions, as it could have been expected. It is indeed well known that Persson's contact mechanics accurately predicts the distribution of interfacial separations [45] . Hence the total interaction area, which is evaluated from the distribution of interfacial separation, it is accurately captured too. Also note that the simulated contact is close to the DMT-limit, as shown in Fig. 16 , where the repulsive area is reported as a function of the nominal repulsive pressure (p 0 = p N + p ad ).
In Fig. 17 we show the applied pressure p N as a function of the average interfacial separationū, for different values of ∆γ, as determined from the theory (black curves) and the numerical model. As expected from the previous arguments, the agreement is remarkably good in almost the entire range of average interfacial separations.
The power spectral density can be nowadays routinely obtained with commonly available lab profilometers. However, usually one has to adopt different acquisition techniques depending on the range of roughness length scales needed to be investigated. Therefore, it would be particularly interesting to appreciate the extent to which the macroscopic adhesive characteristics, such as pull-off pressure, depends on the effect of adding (or, inversely, not measuring) an increasing number of surface roughness frequency components. To do so, we gradually extend the numerically calculated roughness spectral components of Fig. 12 , as shown in Fig. 18 , up to a system size of 2 24 mesh points. In Fig. 19-21 we show, respectively, the normalized and projected area of repulsive contact A r /A 0 , the attractive contact A a /A 0 and the total interaction area A/A 0 = (A r + A a ) /A 0 as a function of the applied nominal pressure p N , for different truncation wavevectors. Red dots are the predictions of the numerical model, whereas black solid lines are from the mean field theory. The pull-off pressure is almost independent of the large-wavevector content of the PSD, whereas the repulsive contact area, as expected, decreases by including large-wavevector (small wavelength) roughness. Moreover, the large-wavevector roughness does not contribute significantly to the h rms , as is clear both theoretically and numerically from Fig. 22 , where the applied pressure is reported as a function of the average interfacial separation.
Finally, let us compare the theory prediction with numerical results for the effective interfacial energy γ eff . In In Fig. 24 we show similar results for the effective interfacial energy γ eff but now for ∆γ = 0.2 J/m 2 , and for several large wavevector cut-off q 1 = 64q 0 , 128q 0 and 256q 0 . Note that the effective interfacial energy γ eff is rather insensitive to the large wavevector cut-off q 1 . The reason for this is that the repulsive elastic energy U el is dominated by the long-wavelength roughness. In both figures 23 and 24 there is remarkable good agreement between theory and the simulations.
Discussion
In the discussion above we have neglected adhesion hysteresis. Adhesion hysteresis is particular important for viscoelastic solids such as most rubber compounds. However, even for elastic solids adhesion hysteresis may occur. Thus, not all the stored elastic energy U el may be used to break adhesive bonds during pull-off but some fraction of it may be radiated as elastic waves (phonons) into the solids. This would result in an increase in the effective interfacial binding energy during pull-off, and would result in adhesion hysteresis.
We note that adhesion hysteresis is observed already for smooth surfaces in the JKR-limit (elastically soft solids) but not in the DMT-limit (hard solids) [49] . Since for randomly rough surfaces the contact mechanics may be close to the DMT-limit for short length scales (high resolution) while close to the JKR-limit at large enough length scales, as in Fig. 5 , one expects in many cases that the bond-breaking process involved at short length scale is reversible (no hysteresis), while the elastic deformations at large enough length scales show hysteresis, involving rapid (dissipative) processes during pull-off.
Contact mechanics for randomly rough surfaces is a hard problem to treat numerically in the JKR-limit (see Appendix A) and most studies published are close to the DMT-limit. While this case may be relevant for many hard materials, most adhesion experiments involves soft materials like silicon rubber (PDMS). In this case the adhesion will be JKR-like in a large range of length scales.
We note that adhesion problems which are JKR-like for large length scales and DMT-like for short length scales can be approximately treated using the theory presented above: We plot the Tabor length d T (q) as a function of logq as in Fig. 5 and divide the logq axis into a large wavevector region q > q * and a short wavevector region q < q * where d T (q * ) = d c . We use the DMT-like theory to calculate γ eff (q * ) including only the roughness components with q > q * . Next we apply the JKR-like theory for the q < q * region with ∆γ = γ eff (q * ). This treatment is of course only approximate since there will be a region close to q = q * which is neither DMT-like nor JKR-like, but if this region (on the logq-scale) is small compared to the total decades of length scales involved it may constitute a good approximation. This picture of adhesion is similar to the Renormalization Group (RG) procedure used in statistical physics where short wavelength degrees of freedom (here the short wavelength roughness involved in the DMT-like contact mechanics) are integrated out (removed) to obtain effective equations relevant at the macroscopic length scale (here the JKR-like contact mechanics). When applying the RG procedure one often finds that processes or phenomena which appear very different at the microscopic (say atomistic) limit result in the same macroscopic equations of motion e.g., the Navier Stokes equations of fluid flow does not really depend on the exact nature of the force law between the atoms or molecules except it determines or influence the fluid density and viscosity. Similar, for large surface roughness the force law between the surfaces, which is important at short length scale (DMT-limit) does not really matter for the macroscopic (JKR-like) contact mechanics except it determines the effective interfacial binding energy ∆γ = γ eff (q * ) to be used in the JKR theory. This statement does not hold when the surface roughness amplitude is very small, such as in the present study, because the (average) surface separation in the non-contact area is only of order ∼ 1 nm and at this separation the wallwall interaction potential is still important, in particular for small index n. For charged bodies, due to the longrange of the coulomb interaction, the wall-wall interaction potential is important for any wall-wall separation.
Summary
We have discussed how surface roughness influence the adhesion between elastic solids. We have introduced a Tabor number which depends on the length scale or magnification, and which gives information about the nature of the adhesion at different length scales. In most cases the contact mechanics will be DMT-like at short length scales and JKR-like at large length scales. We have considered two limiting cases relevant for (a) elastically hard solids with weak adhesive interaction (DMT-limit) and (b) elastically soft solids or strong adhesive interaction (JKR-limit). For the former cases we have studied the nature of the adhesion using different adhesive force laws (F ∼ u −n , n = 1.5 − 4, where u is the wall-wall separation) and by comparing the mean field theory predictions with the results of exact numerical calculations. The theory results have been compared to the results of exact numerical simulations, and good agreement between theory and the simulation results was obtained.
with random or deterministic roughness. We assume the generic roughness to be characterized by a small wavelength cut-off q 0 = 2π/L 0 with L 0 ≪ L, where L is the representative size of the macroscopic contact region between the two solids. Given such a large difference of length scales, we can easily identify a representative elementary volume (RVE) of interface of length scale L RVE , with L 0 ≪ L RVE ≪ L, over which we can average out the contact mechanics occurring at smaller length scales (say, at λ ≪ L RVE ). Note that the numerical or analytical homogenization of the high-frequency content of a generic physical medium/process model is very common in physics and engineering, since it allows to build a mean field formulation of the model itself, characterized by effective (i.e. smoother) physical properties, varying over length scales of order ∼ L 0 . This is e.g. the case of the rough contact mechanics, where the accurate knowledge of the relationship between the effective interfacial characteristics (average interfacial separation, effective work of adhesion, etc., to cite few), plays a fundamental role in many physical processes, from friction and thermal/electrical conduction, to adhesion and interfacial fluid flow. Here we briefly describe the novel efficient numerical approach devoted to simulate the contact mechanics of realistically-rough interfaces at the REV scale.
In Fig. 25 we show a schematic of the contact geometry. We assume the contact to occur under isothermal conditions, and the roughness to be characterized by a small mean square slope, in order to make use of the well known half space theory. Moreover, the roughness is assumed to be periodic with period L 0 in both x-and y-direction. The local separation between the mating interfaces u (x) is shown in Fig. 25 , and it can be immediately agreed to be:
whereū is the average interfacial separation, w (x) the surface out-of-average-plane displacement and h (x) the surface roughness, with w (x) = h (x) = 0. By defining
where σ (x) is the distribution of interfacial pressures, it is (relatively) easy to show that w (x) can be related to σ (x) through a very simple equation in the Fourier space: where M zz (q) = −2/ (|q| E r ) for the elastic half space [M zz (q) can be equally determined for layered or viscoelastic materials, for which the reader is referred to Ref. [50] ]. Finally, the relation between separation u (x) and interaction pressure σ (x) is calculated within the Derjaguin's approximation [51] , and it can be written in term of a generic interaction law σ (u) = f (u). f (u) will be repulsive for u ≤ u w and attractive otherwise, where u w is a separation threshold describing the ideal equilibrium separation. In this work we have adopted the L-J potential to describe the attractive interaction, but one can equally make use of different interaction laws (e.g. the Morse potential, for chemical bonds). The attractive side of f (u), f a (u), reads:
whereas the repulsive f r (u):
Usually we adopt u w ≪ d c . Note however that for u w → 0 the repulsive term converges to an hard wall, whereas for u w = d c we return to the classical (integrated) L-J interaction law. Eqs. (A1), (A2) and (A3) are discretized on a regular square mesh of grid size δ, resulting in the following set of equations:
where L ij is the generic residual (related to the generic iterative solution u ij ). In order to solve Eqs. (A4)-(A6), we rephrase Eq. A4 in term of the following ideal Molecular Dynamics process
we solve with a velocity Verlet integration scheme. ξ ij and ω ij are, respectively, the generic damping factor and modal frequency of the Residuals Molecular Dynamics system (RMD), which can be smartly used to damp the error dynamics. Therefore, at equilibrium (ü ij =u ij = 0), Eq. (A7) returns the solution of Eqs.
(A4)-(A6) at zero residuals. The adoption of the RMD scheme allows for the (ideal time) search of the solution to move in a (generic) non-physical error space to finally furnish, at equilibrium, the targeted (zero residuals) solution. We have found that this very efficiently avoids to be trapped in slow relaxation dynamics and/or nonphysical (uncorvergent) solution as otherwise obtained with classical (usually very slow) relaxation approaches (e.g. under-relaxation, often adopted in the literature for smooth contact conditions, see e.g. Ref. [52] ) applied to realistically-rough interacting surfaces. The solution accuracy is set by requiring where both errors are typically of order 10 −4 . As anticipated in previous sections, the nominal projected contact area A/A 0 is given by A r /A 0 + A a /A 0 , where A r is the area of repulsive interaction (defined by σ (x) > 0), and where A a is the area of attractive interaction (defined by u (x) − u w < d c and σ (x) < 0). In Fig. 26 we show a typical contact area map for a DMT rough interaction, where A r /A 0 and A a /A 0 correspond, respectively, to black and gray domains.
We also observe that for any discretized formulation of the adhesive contact mechanics, a fracture tensile stress can be related to the mesh size characteristics of the contact. To determine it, we make use of the penny-shaped crack solution (see e.g. Ref. [6] ), whose tensile stress σ a reads (the π/4 takes into account the square shape of the grid):
σ a has to be compared to the maximum tensile stress given by the interaction law, σ t = ∆γ/d c and, in particular, a detachment parameter ε a = σ a /σ t > 1 in order to guarantee the convergence of the numerical solution. By adopting a Tabor number definition
, where λ is smallest roughness wavelentgh and A λ the corresponding amplitude, a convergent numerical solution will be achieved if
where n λ is the number of discretization points at wavelength λ. It is interesting to observe from Eq. (A9) that large Tabor numbers, i.e. adhesive interactions occurring in the full JKR regime, are numerically harsh to be modelled [due to the fine mesh description required to satisfy Eq. (A9): e.g. for µ T,λ = 10 and A λ /d c = 10 2 , we have n λ ≈ 10 3 ]. However, as recently shown [40] , a JKR regime can be conveniently obtained for µ T values close to 1, reducing the computational complexity of JKR interactions.
It would be useful to test Eq. (A9) by comparing the Johnson's solution (Ref. [53] , adhesive sinus contact in the JKR regime) with the corresponding numerical predictions. In particular, the relation between nominal contact pressure and contact area reads [53] :
where φ α = πA/ (2A 0 ), α = 2E r ∆γ/ (λp 2 ) andp = πE r A λ /λ (for the adhesionless interaction,p is the nominal squeezing pressure to full contact). In Fig. (27) we compare Eq. (A10) (red curve) with numerical results obtained with µ T,λ ≈ 3.4 (JKR regime), at different values of detachment parameter ε a . We stress that all the solutions shown in Fig. (27) satisfy the accuracy requirements of Eq. (A8), however only at increasing detachment parameter (in particular for ε a > 2) the solution rapidly converges to the analytical one. Similar considerations apply for the pressure-separation law, shown in Fig. 28 . 
